Abstract. This review is devoted to the angular selectivity that can be obtained in thin films prepared under conditions such that they contain inclined absorbing regions of sizes much smaller than the wavelength of visible light. The films are of considerable interest as window coatings for energy-conscious architecture and, potentially, in the automotive sector. The theoretical basis for modelling the optical properties is presented, comprising rigorous bounds on the dielectric function, effective medium theories pertinent to different microgeometries and equations for treating the optics of anisotropic thin films. Experimental data are reported for films made by oblique-angle evaporation of Cr and for reactive and non-reactive oblique-angle sputtering of Cr, Al, Ti and W. The highest angular selectivity was obtained with evaporated Cr, whereas the highest luminous transmittance, combined with some angular selectivity, was found with reactively sputtered Al. Films made from Ti showed angular selectivity mainly in the infrared, whereas films made from W could display angular selective electrochromism. Samples of several types were subjected to elaborate theoretical analysis using effective-medium theories and it was seen that theory and experiment could be reconciled using plausible parameters to specify the microstructures of the films. Thus it appears that the angular, spectral and polarization dependences of obliquely deposited films can be understood, at least approximately, in terms of conceptually simple theoretical models.
Introduction
New fenestration technology makes extensive use of thin films for achieving desirable spectral and angular-dependent properties [1] . Specifically, films with anisotropic optical properties can display angular selectivity; that is, they can have different transmittances for light incident at equal angles at the two sides of the surface normal. The pertinent property is related to a variation in the absorption of light due to elongated metallic inclusions oriented at an off-normal angle with regard to the film's surface. This article reviews the basic theory needed to explain angular selectivity and illustrates the optical performance that can be obtained from obliquely deposited films based on various metals.
Angular selectivity in the optical behaviour is of considerable interest for innovative fenestration technology [1, 2] wherein this property can be exploited to Corresponding author. accomplish energy efficiency, good daylighting and comfort in buildings with sloping windows, glass domes and glass blinds. It is possible to combine high transmittance along a near-horizontal line of sight, so that good visual indoor-outdoor contact is maintained, with suppression of excessive luminous and solar transmittance when the Sun is far from the horizon.
This property is of principle importance also for car windows, although legal constraints may prevent the use of angular selectivity in this case. We note, for completeness, that angular selective magnetic properties are of concern for magnetic recording technology, for which there is a need to have optimized magnetization performance [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . Angular selective electrical [37, 38] , photoelectrical [39] and thermoelectrical [40] properties have been reported and dielectric films with inclined columns can be used for retardation plates [41] and for liquid crystal alignment [42] .
Angular-selective optical properties have been reported for metal-containing films of various types, produced by evaporation, sputtering and cathodic arc deposition with Table 1 . A summary of earlier work on angular-selective thin films, the incorporated metal and the deposition technique.
Metal Deposition technique Reference
Al Evaporation [8] [9] [10] Reactive sputtering [13, 17] Cathodic arc deposition [9, 10] Ti Reactive evaporation [13, 18] Cathodic arc deposition [9] Cr Evaporation [3-7, 13, 14, 22, 23] Reactive sputtering [13, 15, 16 ] Cathodic arc deposition [9, 10] Ag Evaporation [11, 12, 20 ] Cathodic arc deposition [12, 20] W Reactive sputtering [19] the vapour species incident at a large off-normal angle with respect to the substrate. Table 1 summarizes the base metals and experimental techniques employed in previous work. Cr-based films have been most extensively investigated, following initial results by Kivaisi [43] . The majority of the studies have been focused on maximizing the angularselective luminous performance, but some results have appeared also on angular-selective infrared properties [18] , angular-selective electrochromism [19, 44] , and materials exhibiting reversals of the high-transmitting direction [20] . All of the films also display some wavelength selectivity and practical windows may achieve energy efficiency by combining favourable spectral and angular-dependent properties. Section 2 below gives an overview of the relevant theoretical concepts needed to describe the oblique metallic inclusions in the films, with discussions of rigorous bounds on the dielectric function and of effective-medium theories, whereas section 3 shows how these notions are incorporated into a comprehensive theory of the optics for anisotropic films. The expositions in these sections follow work presented elsewhere [45, 46] . Section 4 then turns to experimental data and theoretical analyses of Cr films [14, 22, 23] made by oblique-angle evaporation; these films have been investigated in the most detail. In section 5 we then give similar, albeit less ambitious, presentations of experimental and theoretical data on obliquely sputterdeposited films based on Cr [16] , Al [17] , Ti [18] and W [19] . The latter material also exhibits electrochromism [44] . It should be noted that magnetron sputtering is an industrially viable technique with excellent upscaling capability. It will be clear from the theoretical analyses that most of the data can be reconciled with a theoretical framework based on the effective-medium concepts. A summary and some concluding remarks are given in section 6.
Theories for the dielectric function of inhomogeneous media
Angular-selective optical properties can be obtained in inhomogeneous films with elongated absorbing regions whose long axes deviate from the direction of the film's surface normal. In simple terms, light incident along these axes usually experiences less absorption than does light incident across the axes. It is then obvious that a description of the optical properties of these films hinges on a model for the dielectric functionε of an inhomogeneous material. The basic ingredients in theories ofε are outlined here. Two different, to some extent complementary, approaches to the description ofε are possible: one based on rigorous bounds and the other on effective-medium theories. Both of them are presented below. The exposition is confined to the quasi-static approximation, which is valid when the size of the inhomogeneous or absorbing regions is much less than the wavelength λ of the light, or more precisely, for 2πε 1/2 m a/λ 1. Here a is the particle 'radius' and ε m denotes the largest of the dielectric permeabilities of the constituents of the inhomogeneous material. In the quasi-static case, the optical properties of the material are uniquely described by the effective dielectric permeabilitȳ ε. Because the field is almost constant over a particle, electrostatic arguments can be used to derive this quantity.
Rigorous bounds on the dielectric function
Different rigorous bounds apply depending on the amount of structural information that is to hand. We first consider a material comprised of the two phases A and B for the case in which only the dielectric permeabilities of the two phases, ε A and ε B , are known. The bounds on the dielectric permeability are then given by the extremal microstructures shown in figure 1. They are layered configurations oriented in different directions with respect to the applied electric field E. The volume fractions of the two phases, f A and f B , are defined in figure 1. When the field is oriented parallel to the layers the structure is equivalent, in an electrostatic picture, to many capacitors connected in parallel. Hence one obtains for the effective dielectric permeability of this structureε
Similarly, when the field is oriented perpendicular to the layers one may use the formula for capacitors connected in series to getε
Equation (1) corresponds to no screening of the field whereas equation (2) corresponds to maximum screening. The rigorous limits onε described by these equations were first obtained by Wiener [47] and they are usually referred to as the Wiener bounds. If ε A and ε B are real, equations (1) and (2) describe the bounds onε when ε A , ε B , f A and f B are known. However, it is normally more interesting to consider the general case of complex dielectric permeabilities. Here the bounds can be depicted as lines in the complexε plane enclosing the region of allowed values ofε. Methods for deriving these bounds have been given by Bergman [48, 49] and Milton [50] [51] [52] . The bounds are obtained from the analytical properties ofε as a function of the permeabilities of the components, as discussed by Bergman [53] . Alternatively, variational principles [52, 54] can be used. The Wiener bounds, equations (1) and (2), hold for Rigorous bounds for the effective dielectric permeability of a two-component composite with ε A = −8 + 10i and ε B = 5. These values were chosen to obtain a good illustration of the features of the bounds. The lines joining the points ε A and ε B denote the Wiener boundsε B 1 andε B 2 . The lightly shaded area is enclosed by the bounds for anisotropic composites,ε B 3 andε B 4 . Here f A was set equal to 0.4. The medium-shaded area is enclosed by the bounds for isotropic composites,ε B 5 andε B 6 . Finally, the heavily shaded area is enclosed by fourth-order bounds that are not considered in this review.
the case of complexε, irrespective of microstructure, and only ε A and ε B need be known. As f A and f B = 1−f A are varied, equation (1) traces out a straight line between ε A and ε B , whereas equation (2) becomes a circular arc joining ε A and ε B . An example of these bounds is given in figure 2 for the specific case of ε A = −8 + 10i and ε B = 5. These quantities are characteristic for a mixture of an absorbing metal and non-absorbing oxide, such as the systems studied in the experimental sections below.
Next we incorporate gradually more structural information into the bounds on the effective dielectric permeability and first consider the case in which the volume fractions f A and f B are known in addition to ε A and ε B . It can be shown that the bounds then take the forms [49, 51, 54, 55] 
where L is an 'effective' depolarization factor that can vary between zero and unity. The bounds in equations (3) and (4) become circular arcs in theε plane joiningε B1 (f A ) andε B2 (f A ), as can be seen in figure 2 . The extensions of the circular arcs pass through the points ε A and ε B , respectively. When ε A and ε B are real, equations (3) and (4) give bounds on the realε for the case in which f A , f B and L are known, as was first shown by Hashin and Shtrikman [54] . The area within the bounds corresponds to the effective dielectric permeabilities of anisotropic composites. Such materials have in general three principal εs related to the three principal directions j of the structure. Even narrower bounds are obtained when isotropic composites are considered. For the case of complexε they were first derived by Bergman [48] and Milton [50] . Subsequently the bounds were reformulated in a convenient way by Aspnes [55] . We employ the latter formulation and writeε
where ε h is the dielectric permeability for a hypothetical material in which the phases A and B are taken to be embedded. It represents the properties of the average neighbourhood of inclusions of materials A and B. The Bergman-Milton boundsε B5 andε B6 are obtained when
respectively. The structural parameter x can take values between zero and unity and is related to the pair and threepoint correlation functions of the material. When x is varied, the boundsε B5 andε B6 form two circular arcs which join the points representingε B3 andε B4 for L = 1 3 , as shown in figure 2. These arcs enclose the possibleεs for isotropic composites. The extensions of the arcs pass throughε B1 (f A ) andε B2 (f A ), respectively. Bergman [49] has shown that the bound given by equations (5) and (7) is not attainable and can be somewhat improved.
By incorporating more structural information, namely higher order correlation functions, into the theory a whole hierarchy of narrower bounds can be obtained, as demonstrated by Milton and McPhedran [51, 52, 56] . The theory of rigorous bounds on the complexε can also be applied to materials with more than two components [57, 58] .
Effective-medium theories
This section considers various theories for the effective dielectric permeability that hold in special cases. These so-called effective-medium theories are compared with the bounds outlined above.
We specify some explicit microstructures and carry out calculations of the effectiveε. Even if these effectivemedium expressions are strictly valid only for particular microstructures, they are often good approximations for many materials encountered in practise, as will be illustrated in sections 4 and 5 with regard to angularselective thin films. The microstructure is represented by random unit cell (RUC) models that are simple enough to permit theoretical treatment and yet do not leave out the essential physics. Figures 3(a) and (b) show two cases that are regarded as typical: a separated-grain structure with particles of A embedded within a continuous host of B and an aggregate structure in which A and B enter on an equal footing to form a space-filling random mixture.
RUCs are now defined [59] [60] [61] [62] so as to account for the major features of the microstructures. The RUC is taken to be embedded within an effective medium, whose properties are as yet undefined. For the separated-grain structure, the RUC is a core of A surrounded by a concentric shell of B as depicted in figure 3(c) . The ratio of the core volume to the shell volume is equal to f A . For the aggregate structure, the inherent structural equivalence of the components is ensured by letting the RUC have a probability f A of being A and a probability f B of being B, as shown in figure 3(d) . The RUC is spherical or nonspherical depending on the shape of a 'typical' structural inhomogeneity. Non-spherical shapes are relevant for angular-selective films.
The basic definition of an effective medium is that the RUC, when embedded within the effective medium, should not be detectable in an experiment using electromagnetic radiation confined to a specific wavelength range. In other words, the extinction of the RUC should be the same as if it were replaced by a material characterized byε. This criterion makes it fruitful to use an 'optical theorem' for absorbing media; it relates the extinction of the spherical cell compared with that of the surrounding medium, C ext , to the scattering amplitude in the direction of the impinging beam S(0) by [63] 
where
denotes the wavevector amplitude in the effective medium. Equation (8) is a generalization of the usual optical theorem [64] for non-absorbing media and C ext can be either positive or negative. From the definition of an effective medium it follows that C ext = 0; that is,
which expresses the fundamental property of an effective medium. This condition has been put forward earlier [65, 66] in somewhat different contexts. The condition inherent in equation (10) is very convenient because S(0) can easily be obtained for spheres and coated spheres by the Lorenz-Mie theory [64, 67, 68] . Below we focus on effective-medium theories in which the RUCs have a spherical geometry, but we also consider results for ellipsoids. The latter are of particular interest for angular selectivity, as will become clear later. From Lorenz-Mie theory, S(0) can be written [64, 67, 68] as an expansion in electric and magnetic multipoles, or alternatively as a series expansion in k e b where b is the RUC radius.
The Maxwell Garnett (MG) theory [69] corresponds to the RUC in figure 3(c). Hence one can use the series appropriate to a coated sphere and obtain [67, 68] 
The filling factor is
where a(b) is the radius of the inner (outer) sphere in figure 3 (c). In the small-sphere limit, the effective-medium condition can be satisfied by setting the leading term in equation (11) equal to zero. This yields (withε ≡ε MG )
or, re-written,
Equation (13) or (14) is the constitutive formula for the MG effective-medium theory. By making the replacements A ↔ B, one obtains analogous relations for the inverted structure. The derivation does not require that f A be small. However, it is clear that, for a sufficiently large filling factor, one reaches a point where the detailed particle-particle interactions must be considered explicitly. Obviously, such structural multipole features cannot be encompassed by the MG approach, so supplementary information is required. To shed some light on this issue, one may note that the MG theory is in acceptable agreement [70] with exact theories [71] [72] [73] for cubic arrangements of identical spheres as long as f A < 0.4. For aperiodic arrangements, such as those normally occurring in experimental samples, the structural multipoles are expected [60] to set in at lower filling factors since small distances amongst the spheres are permitted. Recent work by Smith et al [74] has shown that the basic effectivemedium formalism can be extended to large filling factors by re-defining the structural parameters, such as the filling factor, so that they no longer coincide with those obtained from a microstructural analysis. It should be observed that the two MG expressions (equation (14)), with and without the replacements A ↔ B, are equivalent to the Bergman-Milton bounds in equations (5)- (7) when x = 0 and x = 1, respectively. The MG expressions correspond to the points in theε plane where the two bounds for isotropic composites cross (see also figure 4 below).
Extensions of the effective-medium theory to nonspherical RUCs are of obvious interest in the context of angular selectivity. Such refinements are not trivial, as discussed in [62, 75] , but depend on the shape of the shell in the RUC. It has recently been shown [76] that, for the case of ellipsoidal particles, the shape of this shell depends on the particular pair distribution. We chose to replace the RUC in figure 3 
where b 1 , b 2 and b 3 are the semi-axes of the outer ellipsoid and a 1 , a 2 and a 3 pertain to the inner ellipsoid. The effective-medium condition now gives, after some algebra, the MG expression for ellipsoids aligned with their j axes parallel according tō
When f A is close to unity, one can put L a j = L b j in equation (17) .
The Bruggeman theory [77] is derived from the RUC in figure 3(d). We use the series expansion for a sphere and obtain [64, 67, 68] 
where b is the radius of the RUC in figure 3(d) and ε AB denotes ε A or ε B . Considering again the small-sphere limit, it is found that (withε ≡ε Br )
where we have invoked the probability f A for the RUC of having ε AB = ε A and the probability f B of it having ε AB = ε B . Equation (19) is the constitutive formula for the Bruggeman theory. For high f A s, structural multipole effects are expected to enter as for the MG theory. Equation (19) is symmetrical with respect to exchange of the components of the material. A generalization of the Bruggeman theory to ellipsoidal structural inhomogeneities is simpler than in the case of the MG theory. Specifically, one can replace the spherical RUC in figure 3(d) by an ellipsoidal one, whose three semi-axes are denoted b 1 , b 2 and b 3 . The scattering amplitude in the forward direction for light polarized along the axis j is then [64] 
where, again, ε AB is either ε A or ε B and L j denotes the depolarization factor for the direction along the electric field. The Bruggeman theory appropriate to ellipsoids aligned with their j axes parallel is derived as for spheres and the effective medium criterion gives
where the same L j has been used for both varieties of RUC so that the symmetry of the theory is preserved. Theories that can be derived from spherical RUCs correspond to isotropic structures and should thus fall within the Bergman-Milton boundsε B5 andε B6 . Figure 4 shows these bounds for the same special case as that in figure 2 together with results from the effectivemedium theories described above. It is seen that the Bruggeman result lies inside the bounds whereas the MG results lie on the bounds. Effective-medium theories derived from ellipsoidal unit cells correspond in general to anisotropic structures and should fall within the wider bounds represented byε B3 andε B4 .
The optics of anisotropic thin films
The present section deals with the reflectance and transmittance of an anisotropic thin film, for example one with an oblique columnar microstructure, on an isotropic substrate. This situation is illustrated in figure 5 , showing light incident at a polar angle θ to the surface normal and an azimuthal angle φ to the incidence plane. The incidence plane is spanned by the direction of the incoming deposition species and the film's normal; this plane also contains the column axes. A matrix formalism is developed, implying that the results can easily be generalized to multilayer stacks. The columnar structures of real materials are frequently bi-axial; that is, the optical properties are different in each of the three principal directions. The reason may be that the inclined columns do not have perfectly circular cross sections (see the middle part of figure 5 ). It has also been shown [78] that the column array often exhibits a higher degree of connectivity orthogonal to the incidence plane that it does within this plane.
A general formulation of thin film optics for the biaxial case demands the use of 4 × 4 matrices [79, 80] . This is because there is coupling between the two polarization states of the light. Below we only treat the optical properties in the incidence plane. Considerable simplification is possible in this case since the polarization states become de-coupled when two of the optical axes are situated in the incidence plane and a 2×2 matrix formalism has been developed by several authors [7, 81, 82] . It will be summarized in the following.
We consider a thin film with optical properties described by a dielectric function that becomes a tensor quantity for the case of an anisotropic medium. In general it can be written as ε = ε x x ε x y ε x z ε y x ε y y ε y z ε z x ε z y ε z z (22) where (x , y , z ) is the coordinate system shown in the upper left-hand corner of figure 5. Another coordinate system (x, y, z) is then introduced, within which the axes are parallel to the principal axes of the columnar structures as depicted in the right-hand part of figure 5. Here the y and y axes are taken to be equal and, by a simple rotation by an angle β t around the y axis, one gets back to the primed coordinate system. In the unprimed coordinate system, the dielectric tensor becomes diagonal with components ε x , ε y and ε z . The dielectric tensor in the (x , y , z ) system can now be written in terms of the quantities pertaining to the Figure 5 . The left-hand part defines the geometry for a light beam incident upon a coating of a uni-axial material. The middle part shows a schematic model for the columnar microstructure. The right-hand part delineates a prolate spheroid used to discuss the optical properties of the angular-selective film in terms of effective-medium theories. The incidence plane is defined by the vector a and the film's normal.
unprimed coordinate system according to
In order to proceed to compute the optical properties of the film, it is necessary to have expressions for the wavevector k x , k y , k z of the light as well as the surface impedances Z and admittances Y of the film. These quantities make it possible to specify the Fresnel reflection and transmission coefficients at the film interfaces as well as the phase shift of light traversing the film. The surface impedance is defined as the ratio of the tangential component of the electric field to the tangential component of the magnetic field at the interface, whereas the surface admittance is the ratio of the tangential magnetic field to the tangential electric field at the interface [83] . We consider the optical properties in the incidence plane; hence only the x and z components of k are non-zero. The cases of s and p polarization are treated separately below. The results follow from the analysis by Knoesen et al [84] .
In the case of s polarization, the dispersion relation for the wavevector is given by
where k 0 = 2π/λ is the wavevector in vacuum. The surface admittance becomes
These expressions are similar to those for an isotropic film and can be reduced to this case by replacing ε y by ε. On solving for the z component of the wavevector, one obtains the well-known relation
by use of Snell's law, where θ is the direction of incidence of the light beam as defined in figure 5 . Here ε 0 denotes the dielectric constant of the ambient.
For p polarization, one should use the surface impedance instead of the admittance.
The relations corresponding to equations (24) and (25) then become
The components of the dielectric tensor with two indices refer to the (x , y , z ) coordinate system, whereas the components with one index are defined in the (x, y, z) system. In this case the z component of the wavevector is given by an equation that is more complex than equation (26), having the two solutions
The negative and positive square roots give k z + (k z − ), namely the z component of the wavevector for waves travelling in the forward (reverse) direction, respectively. It is easily seen that an isotropic film has k z − = −k z + = k z . However, in an anisotropic film the z components of the wavevector do not in general obey this relation. From this fact follows the possibility of obtaining angular-selective transmittance for p polarized light, as discussed by Smith [7] . On inserting the general formula for k x , namely
into equation (29) it is readily seen that
The wavevectors in the forwards and reverse directions are of unequal magnitudes for non-zero angles of incidence; hence one obtains
from which it follows that the optical properties are different at equal angles for the two sides of the surface normal; that is, that angular selectivity is present for p polarized light.
The Fresnel reflection r and transmission t coefficients are readily found from the surface impedance-admittance approach. In the case of p polarized light incident onto an interface between media m and n one obtains
The corresponding equations for s polarization are derived by replacing the surface impedances Z m(n) by surface admittances Y m(n) .
Next we consider a stack of thin anisotropic films lying between the ambient (amb) with the dielectric constant ε 0 and an isotropic substrate (sub) with real dielectric constant ε sub . The transfer matrix M of a certain layer connects the fields on either side of the layer. In the relevant geometry the s and p polarized waves are de-coupled and one can use two 2 × 2 matrices, one for s and the other for p polarization. For a stack of films, the transfer matrix is simply the product of the matrices of the individual layers. This gives [83] 
where F + and F − are fields propagating in the forwards and reverse directions, respectively. The transfer matrix can be written as a product of interface and layer matrices, denoted I and L. The matrix for the interface between layers n − 1 and n is given by
and the matrix of layer n can be written
The phase shift is given by δ n+(−) = k nz+(−) d n , with d n being the thickness and k nz+(−) the z component of the wavevector in layer n for waves travelling in the forwards (reverse) direction. In order to compute the transmittance and reflectance one thus needs information on the Fresnel coefficients at each interface and the wavevector in each layer. For anisotropic films, they are given by equations (24)- (29), (34) and (35) above. The reflection and transmission amplitude coefficients of the multilayer structure can be obtained directly from equation (36) as
where we use the indices s and p to denote the polarization states, whereas M ij signifies the component of M in row i and column j . By considering the power flow through the multilayer stack in terms of the Poynting vector, Knoesen et al [84] were able to derive explicit relations for the reflected and transmitted intensities, denoted R and T , according to
The effect of the back side of the substrate is not included in these equations, implying that the substrate is assumed to be semi-infinite. However, optical coatings are commonly deposited onto transparent substrates so that the above expressions have to be corrected. Since the substrate is taken to be isotropic, the back-side corrections are carried out in the same way as in the isotropic case. 
The reflectance and transmittance denoted by superscript b pertain to the intensity coefficients of the multilayer stack when the light is incident from the substrate side (but ignoring the substrate's back side). These latter quantities are computed by the same formalism as for R s,p and T s,p , the only difference being in the direction of incidence of the light. The intensity coefficients with superscript sub refer to the back side of the substrate; they are obtained from relations analogous to equations (41)- (43) by considering the power flow across the back side of the substrate only.
We now specialize to the experimentally most interesting case of a single film on an isotropic substrate. The surface impedances and admittances of the ambient, the film and the substrate are easily obtained from equations (25) and (28) above. For the ambient and the substrate one simply puts all diagonal elements of the dielectric tensor equal to ε and the non-diagonal elements equal to zero. The Fresnel coefficients are calculated (equations (34) and (35) ) and used to obtain the interfacial matrices I 01 and I 12 . The elements of the layer matrix L 1 depend on the phase shift, which is equal to the z component of the wavevector times the thickness. As shown above, the magnitude of the z component of k depends on the direction of propagation of the waves in the medium for p polarized light. This is the main difference from the case of isotropic materials. The symmetry properties of k z in equations (31)- (33) directly carry over to the phase shifts. To summarize, for s polarization one has
just like for an isotropic film, but for p polarization the corresponding relation is
The transfer matrix is now obtained by matrix multiplication of I 01 , L 1 and I 12 , as defined above. The overall amplitude reflection and transmission coefficients are directly obtained from equations (39) and (40) where the subscripts s and p are implied on the right-hand side The only difference from the usual relations of thinfilm optics is that the phase shifts of waves propagating in each direction are included separately in the above expressions. As we have shown, these phase shifts are not equal for p polarized light, whereas they are of equal magnitude for s polarization. The expressions for the reflection and transmission amplitudes are hence the same for s polarization as for an isotropic film. It has been shown that the reflectance for p polarized light is also independent of the sign of θ [7] . On the other hand, the relations for δ above imply that the transmittance of p polarized light obeys the inequality
It is only for absorbing media that this inequality will lead to a transmitted intensity being dependent on the sign of θ [7] . Equations (43) and (49) readily yield
which is the fundamental relation giving the basis of angular-selective transmittance. Angular selectivity occurs if the imaginary parts of the wavevector are unequal.
The angular selectivity of obliquely evaporated Cr films

Experimental data
This section reports on a detailed study [13, 22, 23] of Cr films produced by electron-beam evaporation in a conventional bell-jar unit with a rotatable substrate holder arranged so that the angle α between the direction of the incident vapour species and the substrate normal could attain angles up to 85
• . The substrates were positioned about 45 cm above the vapour source. The spectral transmittance T for a 45 nm thick Cr-based film made by oblique-angle evaporation with the off-normal vapour incidence direction being 85
• . The curves refer to various incidence angles and states of polarization for the light.
The film's microstructure was probed by scanning electron microscopy (SEM). Figure 6 shows the edge of a fractured sample produced with α = 75
• . A pronounced columnar structure is apparent with columns oriented at an off-normal angle β to the direction of the incident vapour flux. The data in figure 6 correspond to β = 40 ± 5
• . A 'tangent rule', specifying that
is sometimes obeyed [85, 86] . This 'rule' is of little value for the present films, though. Spectrophotometric transmittance measurements were performed on the obliquely evaporated films. The light beam was incident at an angle θ to the film's normal and data were taken in the incidence plane (corresponding to φ = 0 in figure 5 ). Specifically we used −64
• < θ < 64
• , where positive angles are taken to lie on the same side of the substrate normal as the deposition direction and the column orientation. The spectral transmittance was measured for 0.3 µm < λ < 2.5 µm for light with s and p polarizations. These data are denoted T s (θ, λ) and T p (θ, λ), respectively. The transmittance pertinent to unpolarized light was then obtained from
Spectral curves were integrated over the photopic sensitivity of the eye [87] to obtain the luminous transmittances 
λ), T p (0, λ), and T s (±55
• , λ) for a film whose thickness d is 45 nm, evaporated at α = 85
• . The curves show pronounced angular selectivity with the transmittance increasing monotonically for increased wavelength. It is evident that 
T p (−55
that is, angular selectivity is manifested and confined to the p polarized component, as expected from the theory outlined at the end of section 3. • to 40
• . It is found that the maximum transmittance appears at a certain angle of incidence θ max for the light beam. Specifically, it was found that 33
• < θ max < 39
• pertained to α = 60
• and 39
• . Films made with α < 60
• had weak selectivity and θ max could not be determined with good precision. A relation
was discovered, implying that the inclination of the column can be conveniently determined from optical measurements. Optical data on evaporated Cr-based films have not merely been confined to the incidence plane, but polar representations of T (θ, φ, λ), where φ denotes the azimuthal angle as defined in figure 5 , have also been reported [22, 23] . To specify the notation, φ = 0 and φ = 180
• imply that the light beam lies in the incidence plane and θ is taken to be negative for 90
• < φ < 270
• and positive for other azimuthal angles. Measurements were performed on a newly designed instrument [22] with an automatically movable substrate holder in between a light source (a He-Ne laser giving light at λ = 543 nm or a white-light projector halogen lamp) and a photodetector with spectral sensitivity adapted to match the photopic efficiency of the eye. The substrate orientation was operated by computer-controlled step motors. Standard measurements yielded T (θ, φ) for |θ| ≤ 50
• and 0
• represented in polar diagrams, having a uniform radial scale, with θ = 0 at the centre and |θ| = 50
• at the circumference; intervals of 2
• and 10
• were used for measuring θ and φ, respectively. Figure 9 displays data for the same sample as that in figures 7 and 8. The transmittance is illustrated by way of a grey scale with five 5% wide intervals. The asymmetry between the lefthand and right-hand halves of the diagram provides striking evidence of angular selectivity for monochromatic as well as for luminous light, whereas the good agreement between the upper and lower halves of the diagrams indicates the symmetry expected from the geometrical features of the obliquely evaporated film. The lines representing φ = 0 and φ = 180
• in figure 9 can be directly compared with the optical data shown in figure 8 . The two sets of results are in reassuring agreement and the deviations lie within experimental uncertainties. 
Theoretical analysis
Theoretical analysis of the optical properties was carried out by use of the theories introduced in sections 2 and 3. The inclined columns of the films, apparent in figure 6 , were modelled as ellipsoids with identical shapes and major axes in the column direction. This is consistent with the representation in the right-hand part of figure 5. The columns are small enough that the average properties of the film are governed by effective-medium theory [45, 62] . Specifically, we apply the Bruggeman formulation to the system of Cr and voids and obtained the effective dielectric functionε
Br by equation (21) . The shape of the constituent ellipsoids is given by the depolarization factors L z , L x and L y , normalized by
and the principal directions z, x and y are defined in accordance with figure 5, as follows: z is parallel to the column axis, x is perpendicular to z and lies in the incidence plane and y is perpendicular to z and x, thus lying in the surface plane of the film. The same depolarization factors were used for the columns and for the intercolumnar voids. Using one triplet of depolarization factors, rather than one or two distributions of such parameters, is an approximation whose accuracy is hard to assess. However, as found later, the theoretical model is able to yield a good quantitative fit to experimental data. Literature data were used to specify ε Cr [88] . One equation was solved for each of the three principal directions j , which gave the components of the dielectric tensor in the (x, y, z) coordinate system. These data were then transformed to a tensor for the (x , y , z ) coordinate system rotated with respect to the y axis by the angle β t so that z falls along the normal to the film. The appropriate equations were given in section 3 above. The theory embodies several fitting parameters, d t ,
, L x and L y , where d t is a 'theoretical' film thickness which, of course, must not deviate too much from the experimentally determined value d. One should note that only two of the depolarization factors L j should be regarded as independent. The fitting parameters were obtained by minimizing the RMS error E rms defined by
where i refers to the specific type of transmittance curve (i = 1, . . . , 5 for data sets such as those in figure 7) , λ j indicates a discrete wavelength (j = 1, . . . , 45 was used to cover the 0.35 µm < λ < 2.5 µm range), c denotes computed data and the normalization constant N was 5×45. For all of the analyses reported below, E rms was typically of the order of 0.01. Theoretical transmittance data, generated by use of the fitting parameters given in table 2, are shown in figure 10 for four samples characterized by various values of α and d. Generally speaking, theory and experiment are in agreement to within a few per cent irrespective of wavelength, angle, and state of polarization, provided that the five independent fitting parameters were chosen correctly. It can be seen Figure 11 . The luminous transmittance of unpolarized light versus the angle of incidence for the same Cr-based film as in figure 7 . Experimental data are given together with theoretical results from a computation using parameters specified in the second row of table 2. • , corresponding to a deposition angle α of 89
• . This angle was used for most of the obliquely sputtered films.
that d ≈ d t and, for one case in which comparison of column orientation was possible, that β ≈ β t . These results strongly attest to the credibility of the theoretical model. The magnitudes of f Cr were rather low and the films' porosities were large. The film made at α = 85
• had f Cr = 0.23, whereas the films made at α = 80
• had Table 2 . Data for obliquely evaporated Cr films and for their theoretical analysis: α is the deposition angle, d is the measured film thickness, d t is the fitted film thickness used in the theory, β is the measured column inclination angle, β t is the column inclination angle used in the theory, f Cr is the metal filling factor and L z , L x and L y are depolarization factors. Figure 13 . A scanning electron micrograph of the cross section of a Cr-based film made by oblique-angle sputtering with the off-normal incidence angle for the deposition species being 89
• . The horizontal bar corresponds to 1 µm. Figure 14 . A scanning electron micrograph of the front surface of the same Cr-based film as in figure 13 . The horizontal bar corresponds to 1 µm. 0.32 < f Cr < 0.37. Excepting the thinnest film, L z is considerably smaller than L x and L y , implying that the structural unit was extended in the z direction, as expected for a column. It was also found that L x = L y , showing that the films were bi-axial. The fitted data on f Cr and depolarization factors were consistent with microstructural analysis using scanning electron microscopy, atomic force microscopy and surface profilometry [89] . The accuracy of the theoretical model was further tested with regard to T lum u (θ) for the Cr film prepared at α = 85
• and having d = 45 nm (see figure 8) . Figure 11 shows experimental results based on recordings of T s (θ, λ) and T p (θ, λ) together with computed data obtained with the Figure 15 . The spectral transmittance T for a 90 nm thick Cr-based film made by oblique-angle sputtering with the off-normal incidence angle for the deposition species being 89
• . The curves refer to various angles of incidence and states of polarization for the light.
parameters in the second row in table 2. Clearly the two sets of data are in very good agreement, implying that the angular selectivity of primary interest for windows can be modelled quantitatively.
Attempts to represent the optical properties by employing MG theory in equation (17) and the touchingcylinder-array theory [10] were unsuccessful, which indicates that the columns and voids had a fair degree of topological equivalence in the obliquely evaporated films.
The angular selectivity of obliquely sputtered films
The angular-selective thin films discussed below were produced by sputtering in the configuration outlined in figure 12 . Films were formed on substrates attached to holders oriented at the angle γ with respect to the horizontal plane so that the angle α lay between 75
• and 89
• . Here α is defined with regard to the centre-to-centre separation between target and substrate (the chain line in figure 12) ; this distance was about 13 cm. In reality, the sputtered species impinged upon the substrate with a certain spread. The deposition geometry itself led to an angular dispersion of about 10
• . The plasma pressure typically corresponded to a mean free path of about 10 cm, indicating that some Figure 16 . The spectral transmittance T for s polarized (upper panels) and p polarized (lower panels) light with various angles of incidence. The Cr-based films were prepared by oblique-angle sputtering with the off-normal incidence angle for the deposition species being 89
• . Film thicknesses are denoted d . Theoretical data were computed from an effective-medium model, as outlined in the main text, employing parameters specified in the first two rows of table 3.
further angular dispersion resulted from scattering from ions and neutral species. Glass substrates were positioned as indicated in figure 12 . Film thicknesses were measured near the centres of the coated substrates. This section reports data and analyses for films based on Cr, Al, Ti and W.
Cr-based films
The Cr-based films [16] were produced by non-reactive DC magnetron sputtering in Ar. The sputtering gas pressure was kept near the minimum for a stable discharge. Structural characterization was accomplished by atomic force microscopy (AFM) and SEM. The AFM images showed rounded tops of columnar structures. An average column diameter D was readily evaluated and a relation D ∝ d was obtained, at least approximately. The increase of D was a consequence of a thickness-dependent coalescence of the columns [90, 91] . Figure 13 shows a SEM image of the fractured edge of a film characterized by α = 89
• and d ≈ 800 nm. An inclined columnar microstructure with β ≈ 44
• can be seen. An essentially similar microstructure had been recorded earlier for an evaporated film (see figure 6 ). Figure 14 is a SEM image of the front surface of the same film as in figure 13 , showing clear evidence of a pronounced columnar structure.
Spectrophotometric transmittance measurements were performed on the obliquely sputtered films. The substrates were positioned so that the light beam was falling close to their centres at an angle θ to the substrate normal and the light beam was confined to the incidence plane. Figure 15 shows experimental data of T s (0, λ), T s (±60
• , λ), T p (0, λ) and T p (±60
• , λ) for a film with d ≈ 90 nm prepared at α = 89
• . The curves display spectral selectivity in the p polarized transmittance, similar to the case of the evaporated Cr films reported on in section 4.
Theoretical transmittance data were computed from the Bruggeman effective-medium theory. This was done in the same way as for the evaporated Cr films, the only difference being that the experimental film thickness was used as an input in the theory. Figure 16 compares theoretical and experimental data on T s,p (0, λ) and T s,p (±60
• , λ) for films made by sputtering at α = 89
• ; different film thicknesses apply to parts (a) and (b). The computations employed the parameters given in the first two rows of table 3. Figure 17 shows experimental and theoretical results for a film prepared at α = 79
• . Theory and experiment could be brought to agreement by using the parameters given in the last row of table 3. The same was true for some other films, as apparent from the remaining entries in table 3. Table 3 . Data for oblique-angle sputtered Cr-based films and for their theoretical analysis: α is the deposition angle, d is the measured film thickness, β t is the column inclination angle used in the theory, f Cr is the metal filling factor, L z , L x and L y are depolarization factors and E rms is a RMS error characterizing the fit between theory and experiment. Figure 17 . The spectral transmittance T for s polarized (upper panel) and p polarized (lower panel) light with various angles of incidence. The Cr-based films were prepared by oblique-angle sputtering with the off-normal incidence angle for the deposition species being 79
• . The film thicknesses was 45 nm. Theoretical data were computed from an effective-medium model, as outlined in the main text, employing parameters specified in the last row of table 3. The computed data for T p (+60
• ) and T p (−60
• ) were very similar as a consequence of the small magnitude of β t .
The agreement between theory and experiment in figures 16 and 17 is convincing and the fitting parameters show a fair degree of consistency. Thus f Cr is 0.4-0.5 for α ≥ 85
• , whereas a higher filling factor was found at Figure 18 . The spectral transmittance T for s polarized (upper panel) and p polarized (lower panel) light with different incidence angles. The Al-oxide-based film was prepared by non-reactive sputtering with the off-normal incidence angle for the deposition species being 89
• . The film thickness was 260 nm. Theoretical data were based on effective-medium theory and parameters given in the main text. α = 79
• . Excepting one of the films made at α = 89
• , the triplets of depolarization factors are similar and represent columns that are about twice as large in the z direction as they are in the perpendicular directions. Furthermore, the fact that L y is smaller than L x corresponds to columns being slightly extended in the y direction. The major inconsistency is that β t is smaller than β; that is, the column inclination used in the theory is smaller than that found from our SEM analysis (see figure 13) . It is conceivable that this feature can be reconciled with recent theoretical progress through work by Smith et al [74] . The lowest value of β t was found for the smallest deposition angle, which was the expected result.
It was not possible to bring the experimental data into agreement with models incorporating the MG effectivemedium theory or the recent touching-cylinder-array theory [10] , which speaks in favour of a theoretical model with topological equivalence between the columns and the intercolumnar regions in the case of the Cr-based films.
On comparing data for evaporated and sputtered Crbased films, it can be seen that the angular selectivity is larger and the magnitude of f Cr is smaller for the former samples. This fact is not unexpected since α is better defined for evaporation than it is for sputtering and since the higher impingement energies of the sputtered species are likely to give a more compact structure than that formed in the case of evaporation.
Al-oxide-based films
Obliquely sputter-deposited Al-oxide-based films differ from their Cr-based counterparts in that the microstructures are qualitatively different so that the optical transmittance can be higher [17] . An accurate theoretical model can be developed from the MG approach (rather than the Bruggeman approach employed for the Cr-based films).
The films to be studied below were produced by reactive DC magnetron sputtering in Ar plus O 2 with the geometry in figure 12 and with 75
• < α < 89
• . The full and chain curves in figure 18 illustrate T s,p (0, λ) and T s,p (±60
• , λ) for a film with d ≈ 260 nm prepared at α = 89
• . The transmittance rises monotonically with increasing wavelength and spectral selectivity is found in the p polarized transmittance. T lum is of the order of 50%, which is much higher than that for non-reactively sputtered Al-based or Cr-based films of comparable thickness (see figure 16(b) ).
A theoretical description of the transmittance data was developed on the basis of the MG model and the effective dielectric functionε MG col for the columns was obtained from a relation analogous to equation (17) , namely
where ε Al and ε Al2O3 are the dielectric functions for Al and Al 2 O 3 , respectively, f Al is the metal volume fraction and the shape of the presumed ellipsoidal particles is expressed in terms of the depolarization factors L j , specifically L z , L x and L y normalized by their sum being made equal to unity in accordance with equation (57) . The effective dielectric functionε MG of the film was then obtained by applying the MG equation a second time, namely (60) where ε ν = 1 is the dielectric constant of the voids and f col is the volume fraction occupied by the columns. The columns were represented as infinite cylinders, implying that the components of L η were L z = 0 and L x = L y = 0.5. Hence we assume that the columns are oriented in the same direction as the long axes of the Al particles. The above equations were solved for the three principal directions, which gave the components of a tensor in the (x, y, z) coordinate system. These data were subsequently transformed to the (x , y , z ) system through rotation by an angle β t around the y axis so that z lay along the film normal (see section 3). This procedure is the same as the one adopted for the Cr-based films.
The dielectric function of Al has contributions from free electrons (the Drude part) and from parallel band absorption [92, 93] . Bulk data [94] were employed and adapted to account for electron scattering in small particles by replacing the Drude relaxation time by an experimental parameter τ part . The parallel band contribution to ε Al also contains a phenomenological relaxation time [92] . Specifically, the parametrization of ε Al by Niklasson et al [93] was used, whereas ε Al2O3 was put to 3.1. The latter value corresponds to a bulk-like material and is higher than that of a typical film [95] .
Theoretical data were fitted to measured curves by using six independent adjustable parameters, namely β t , f Al , f col , two of the L j s and τ part , whereas d was taken from experiments. Figure 18 shows that the agreement is excellent; specifically, this calculation used β t = 20
• ,
−15 s. The latter value is much too small to be reconcilable with surface scattering of the free electrons, so it is likely that τ part accounts for strong scattering from defects as well as effects of multipolar interaction among adjacent particles.
The theoretical model contains several adjustable parameters, so it is important to be on one's guard against idle numerical exercises. Fits similar to those in figure 18 were obtained for numerous samples and the parameters changed in a manner consistent with variations in the deposition conditions. Using the Drude (bulk) relaxation time instead of τ part gave less satisfactory agreement. Hence it seems certain that the model is meaningful and capable of yielding a quantitative representation of the measured results. The latter point is emphasized in figure 19 , in which T lum for a film made with α = 89
• was fitted with d = 220 nm, β t = 23.5
−15 s. Again the agreement between theory and experiment is excellent. Equally good fits were obtained by analysing T (θ, λ) at several discrete wavelengths. In this context it should be noted that the effective dielectric function for the columns is dielectric-like for the low magnitudes of f Al of interest here and hence equation (60) is to be applied to the case of a dielectric-dielectric mixture in which the dielectric functions of the two phases do not differ widely. Then the MG theory, as well as most other effective-medium theories, should yield a satisfactory approximation even for large values of f col . Alternative theoretical models, such as the Bruggeman theory used Figure 19 . The luminous transmittance versus the angle of incidence for a 220 nm thick Al-oxide-based film prepared by reactive sputtering with the off-normal incidence angle for the deposition species being 89
• . Symbols indicate measured data and the curves were computed by use of effective-medium theory and parameters given in the main text. The data refer to light with various states of polarization.
to model angular-selective Cr-based films above and the touching-cylinder-array theory [10] , did not lead to good agreement between theory and experiment when employed to replace the expression in equation (59).
Ti-based and Ti-oxide-based films
Films were prepared by oblique-angle sputtering of Ti under both non-reactive (Ar) and reactive (Ar plus O 2 ) conditions [18] . The deposition processes are thus analogous to those in sections 5.1 and 5.2, respectively, and the films are referred to as Ti-based and Ti-oxide-based.
Non-reactively prepared films, reported on in figure 20(a), show some angular selectivity that decreases towards longer wavelengths. The reactively prepared and hence oxide-containing films reported on in figure 20(b) display a qualitatively different behaviour and the angular selectivity is large at λ > 0.7 µm whereas it is small at 0.4 µm < λ < 0.7 µm. This infrared angular selectivity represents a new phenomenon that had not been manifested by the earlier Cr-based and Al-oxide-based samples.
Regarding theoretical analyses, it was apparent that an effective-medium treatment would be adequate at least for the oxide-based films. Fully satisfactory agreement between theory and experiment has not yet been attained though.
W-oxide-based electrochromic films
Angular selective W-oxide-based films were made [19] by reactive sputtering with the substrate oriented at 75
• < α < 85
• . SEM studies of the edge of a fractured sample indicated an inclined columnar microstructure very similar to that of the Cr-based film in figure 13 . The column orientation was in reasonable agreement with the 'tangent rule' in equation (52) . The as-deposited films were immersed in an electrolyte of propylene carbonate with 1 M LiClO 4 , and Li + ions were intercalated by electrochemical polarization using standard techniques [19, 44, 96] .
The electrochemical treatment leads to charge insertion, giving rise to polaron absorption and hence a decrease in the luminous transmittance. This electrochromism is a well-known phenomenon that has been studied extensively in the context of 'smart windows' as well as for other applications in contemporary technology [44, 96] . After the electrochemical treatment, the W-oxidebased films were extracted from the electrolyte and rinsed.
Spectrophotometric measurements were performed on as-deposited and electrochemically coloured samples fixed so that the light was incident in the deposition plane (namely, in the same way as for the other types of films) and the optical transmittance was measured for 0.3 µm < λ < 2.5 µm for s and p polarized light incident at the angles 0
• and ±60
• . Figure 21 reports measured transmittance. Figure 21 (a) refers to the asdeposited film; the transmittance increases strongly with increasing wavelength in the luminous range. This feature is not typical for electrochromic W oxide films [44, 96] and the short-wavelength absorption of the obliquely sputtered sample is ascribed to unoxidized tungsten. Figure 21 (a) shows pronounced angular selectivity; that is, the p polarized transmittance is much larger when the incidence angle is +60
• than it is when the latter is −60
• . The relative difference in the p polarized transmittance is enhanced in the coloured films, as is apparent from figure 21(b) . Specifically, the luminous transmittance of unpolarized light is 46% at +60
• and 35% at −60
• for samples in the as-deposited state, whereas the corresponding numbers are 15 and 9% for samples in the coloured state. This clearly manifested angular selectivity may be of interest for applications of electrochromic coatings to inclined windows, glass blinds and louvres. • . The film in (a) was 55 nm thick and made non-reactively, whereas the film in (b) was 160 nm thick and made reactively.
Summary and concluding remarks
This review article is devoted to the angular selectivity that can be obtained in thin films prepared under conditions such that they contain inclined absorbing regions of sizes much smaller than the wavelength of visible light. The films are of considerable interest as window coatings for energyconscious architecture and, potentially, in the automotive sector. We presented the theoretical basis needed to model the optical properties; our exposition covered rigorous bounds on the dielectric function, effectivemedium theories pertinent to different microgeometries and a comprehensive treatment of the optics of anisotropic thin films.
The experimental sections summarized recent work on films made by oblique-angle evaporation of Cr and oblique-angle sputtering of Cr, Al, Ti and W under reactive and non-reactive conditions. Different degrees of angular selectivity and spectral selectivity were observed. Figure 22 summarizes and compares angular selectivities, , for the films reported on in this review and for some data taken from the literature [2, 3, 8, 12] . Evaporated Cr-based films can be seen to have the highest angular selectivity and sputtered films of these materials do not exhibit matching performance. Sputter-deposited Al-oxide-based films have the largest transmittance, although the selectivity is not very large. The Ti-based films display rather weak angular selectivity in the luminous range, but it should be remembered that the infrared selectivity can be larger. The shaded area in figure 22 is precluded on physical grounds, assuming unity transmittance of p polarized light at θ = +60
• and zero transmittance of p polarized light at θ = −60
• . It was also found that W-oxide-based films displayed angular-selective electrochromism.
Cr-based and Al-oxide-based films were subjected to elaborate theoretical analyses using effective-medium theories and it was seen that theory and experiment could be brought into agreement using plausible parameters to specify the microstructures of the films. In some cases the parameters used in the theory deviated from the experimentally extracted ones. It is conceivable that this discrepancy can be reconciled with forthcoming theory [74] . Thus it appears that the angular, spectral and polarization dependences of obliquely deposited films can be understood, at least semi-quantitatively, in terms of conceptually simple theoretical models. is the luminous transmittance of unpolarized light at an angle θ , for several different obliquely deposited films prepared by evaporation (e) and sputtering (s). The symbols without accompanying numbers were obtained from data discussed earlier in this review. The literature data are indicated by numbers; specifically 1, evaporated Cr-based film [3] ; 2, evaporated Al-based film [8] ; 3, reactively evaporated Al-oxide-based film [12] ; 4, cathodic-arc-deposited Al-oxide-based film [12] ; and 5, sputtered Ta-based film [2] .
